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VECTOR POTENTIAL

Because there is no magnetic monopole, the magnetic field has no divergence,

∇ · B = 0, (1)

Any divergentless field can be defined as the curl of another vector,

B = ∇× A. (2)

As you can see, the divergence of a curl is always zero. This definition is analogous to the

definition of electric potential,

E = −∇V. (3)

Plugging Eq. (2) into Ampere’s law yields

∇× (∇× A) = µ0J. (4)

Using the vector identity ∇× (∇× A) = ∇(∇ · A) −∇2A, we have

∇(∇ · A) −∇2A = µ0J. (5)

Now, just like the electric potential V , the definition of A in Eq. (2) is not unique. It turns

out that I can always define a A such that ∇ · A = 0, and Eq. (5) is simplified. To see how

this is possible, let us define a new potential A′ to be

A′ = A + ∇λ, (6)

where λ is an arbitrary scalar field. You can still retrieve the magnetic field from the new

vector potential,

B = ∇× A = ∇× A′ −∇×∇λ = ∇× A′. (7)
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Because the curl of a gradient is always zero. The divergence of A′ is

∇ · A′ = ∇ · A + ∇2λ. (8)

To set ∇ · A′ = 0 , we must have

∇2λ = −∇ · A. (9)

But this is Poisson’s equation, we know how to solve it and it always has a solution. So given

a A, we can always define a λ that satisfies Eq. (9), and the new A′ is always divergentless.

Now Eq. (5) is somewhat simplified,

∇2A = −µ0J. (10)

This is actually three Poisson’s equations, one for each polarization. And we can solve it

using Coulomb’s law,

A(r) =
µ0

4π

∫
J(r′)
|r − r′|

d3r′. (11)

Hence, we have another way of calculating the magnetic field, given a current distribution J.

This method isn’t too useful for magnetostatics in itself, but when we study electrodynamics

(or maybe quantum electrodynamics) the vector potential is a very important quantity.

MAGNETS

Each electron has its own intrinsic “spin,” and this “spin” generates a magnetic field like

a current loop. In a bulk material, electrons with opposite spins pair up in each energy state

due to the Pauli exclusion principle, so any magnetic field from a material must be due to

unpaired electrons. In a permanent magnet, these unpaired electrons have spins pointing

in the same direction on average, leading to an average magnetic field pointing out from a

magnet. This explains why magnets attract or repel each other in a certain way, because

magnets are like a bunch of current loops, and currents attract or repel each other.
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FIG. 1: Magnets are a bunch of electrons with spins aligned along the same direction on average.

They can be roughly thought of as a bunch of current loops.

FIG. 2: A DC motor. The “brush” ensures that the current always runs in the same sense and

therefore the directions of the forces are constant.

DC MOTORS

MAGNETIZATION

Just like a polarizable medium, a medium can also be magnetizable,

D = ǫ0E + P, (12)

B = µ0H + M, (13)
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where M is called the magnetization. For a low H, M can be expressed as

M = µ0χmH, (14)

B = µ0(1 + χm)H = µH. (15)

Just note that χm can be positive or negative, depending on whether the material is para-

magnetic or diamagnetic, unlike the electric case.

Paramagnetism

Paramagnetism, defined as the case where χm is positive, is mainly due to the intrinsic

spin of electrons. This spin, according to quantum mechanics, has a fixed magnitude for

each electron. In an external magnetic field, Electrons tend to align their spins in the same

direction as the magnetic field, much like current loops or compasses aligning along and

enhancing the magnetic field. So χm is positive.

Diamagnetism

Diamagnetism, on the other hand, is defined as the case where χm is negative, and is due

to the orbit of each electron around its nucleus. Roughly speaking the orbit forms a current

loop around each nucleus. In the presence of an external magnetic field, the orbit can also

experience a torque, but it is much harder to align the orbit than aligning its spin, so the

orbital contribution to paramagnetism is very small. On the other hand, the magnetic field

would speed up or slow down the electrons in their orbits because of Lorentz force, and by

Lenz’s law the resulting magnetic field is always lower. So χm is negative.

Notice that diamagnetism cannot occur to the spin of an electron, because the spin is an

intrinsic property of an electron and fixed by fundamental postulates of quantum mechanics.

HALL EFFECT

Imagine a current running in a rectangular box perpendicular to a magnetic field. The

force on the mobile carrier charge, regardless of its sign, points in the same direction. This

creates a sideway drift of the carriers, until the electrostatic force due to the separation of
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FIG. 3: Hall effect. The voltage measured depends on the sign of the carrier charge.

charges balances the magnetic force. In this way the magnitude of the equilibrium electric

field is given by |vB|, although the sign depends on whether the carrier is positive or negative.

Measuring the voltage across this box reveals whether the mobile charges are positive (e.g.

holes in p-doped semiconductors) or negative (e.g. electrons).

FARADAY’S LAW

FIG. 4: A wire loop is pulled away from a region of constant magnetic field.

The faraday’s law can again be inferred using the principle of relativity. Consider Fig. 4.

A loop of wire is pulled away from a region of constant magnetic field with a constant velocity

v. The charges inside the vertical segment experience a downward magnetic force F = qvB.

If v is slow, there is sufficient time for the charges inside the circuit to redistribute, and
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maintain a constant current. The vertical segment therefore acts as a battery to the circuit.

The electromotive force of this “battery,” which is not really a force but a voltage, defined

as

E =
1

q

∮
F · dl, (16)

becomes vBh, and the current is given by I = vBh/R. For any kind of loop, it can be

shown that the electromotive force is given by

E = −
∂Φ

∂t
, (17)

Φ =

∫
B · dS, (18)

where Φ is the magnetic flux going through the loop.

FIG. 5: A wire loop is pulled away from a region of constant magnetic field.

Notice that we have not yet used the Faraday’s law. Now imagine that instead of moving

the loop, we will move the constant magnetic field region instead (Fig. 5). The loop is

not moving, so any force the charges inside experience inside the wire cannot be due to a

magnetic force. But if we are to believe in relativity, we should still be able to observe a

current exactly the same as in Fig. 4, and the electromotive force must still be E = vBh, or

more generally E = ∂Φ

∂t . The electromotive force, then, must be due to an electric field, and

we arrive at the rule

E =

∮
E · dl = −

∂

∂t

∫
B · dS. (19)

We have therefore arrived at Faraday’s law, and its differential form,

∇× E = −
∂B
∂t

, (20)

which says that a changing magnetic field generates an electric field.
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Lenz’s Law

Lenz’s law exists solely to help you determine the direction of the induced current. A

current is induced such that the magnetic flux it produces tends to cancel the magnetic

flux change. In reality the induced magnetic flux is usually much smaller than the external

change in magnetic flux. This is however not the case in a perfect conductor.

Magnetic Field in a Perfect Conductor

In a perfect conductor, E = 0. The Faraday’s law gives ∇ × E = 0 = −∂B
∂t , and the

magnetic field does not change with respect to time. If you put a magnet close to a perfect

conductor, current loops will form that completely cancels the applied magnetic field in an

extreme form of Lenz’s law. This is called perfect diamagnetism.

QUASI-STATICS

With Faraday’s law, we are no longer strictly dealing with statics since the magnetic field

is changing, but sometimes we still want to use the laws of statics, such as Ampere’s law and

Biot-Savart law, to solve a problem. When is statics valid when things are changing? We

can use a very rough dimensional analysis to answer the question. Consider the following

two Maxwell’s equations in free space:

∇× B = µ0J +
1

c2

∂E
∂t

, (21)

∇× E = −
∂B
∂t

. (22)

We will replace all vector quantities with scalars, and all derivatives with length scale ∆x

and time scale ∆t,

∆B

∆x
∼ µ0J +

1

c2

∆E

∆t
, (23)

∆E

∆x
∼ −

∆B

∆t
, (24)

With Faraday’s law, the magnitude of ∆E is on the order of (∆x/∆t)∆B, so the displace-

ment current term in Eq. (23) is

1

c2

∆E

∆t
∼

1

c2

∆x

∆t2
∆B. (25)
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Compared with the left-hand side of Eq. (23), the displacement current term is much smaller

when

1

c2

∆E

∆t
∼

1

c2

∆x

∆t2
∆B <<

∆B

∆x
, (26)

∆x

∆t
<< c. (27)

Ampere’s law still works approximately,

∇× B(r, t) ≈ µ0J(r, t), (28)

if the distance from the current distribution divided by the time scale at which J changes

is much smaller than c. We can then determine the time-varying magnetic field using Biot-

Savart or Ampere’s law, and then determine the electric field from the magnetic field,

∇× E = −
∂B
∂t

, (29)

E(r, t) = −
∂

∂t

∫
B(r′) × (r − r′)

4π|r − r′|3
d3r′, (30)

which is an analogue of Biot-Savart law. This strategy of solving the magnetic field and

then the electric field is called quasi-statics, and it is approximately valid provided that we

look very closely at the current source (the near field). Similarly, if we have a time-varying

charge distribution ρ(r, t), we can use the same argument to show that the electric field very

close to the charge is given by

∇ · E(r, t) =
ρ(r, t)

ǫ0

, (31)

and electrostatics is approximately valid,

∆x

∆t
<< c, (32)

∇× E(r, t) ≈ 0, (33)

E(r, t) ≈ −∇V (r, t), (34)

−∇2V (r, t) ≈
ρ(r, t)

ǫ0

. (35)

Again this is only valid very close to the source, where speed of light can basically be

considered as infinite. You will find the near field concept popping up again when you study

radiation.
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INDUCTANCE

Imagine that we have a current loop, which produces a magnetic field proportional to the

current. If we change the current, the magnetic flux will change, and by Faraday’s law and

Lenz’s law we will have an electromotive force acting against this change in flux,

E = −L
∂I

∂t
. (36)

GENERATOR

It’s pretty much the same as Fig. 2, except we turn the loop by some external force.

Depending on the angle the loop makes with the magnetic field, the magnetic flux going

through the loop will change periodically, so the electromotive force also varies periodically.

Erratum

I made a mistake about a generator in the lecture today. I said two things were involved in

a generator, but there is really only one thing involved in our reference frame. The magnetic

field is not changing, so Faraday’s law is not involved. It’s pure magnetic force that acts on

the charges inside the wire and causes a voltage. This equation still works:

E = −
∂Φ

∂t
. (37)

The confusing part is that you will find some people refer to Eq. (37) as the Faraday’s

law, but really Faraday’s law should be defined as an electric field caused by a changing

magnetic field (∇ × E = −∂B
∂t ), and if you don’t see the magnetic field changing in your

reference frame, you shouldn’t really worry about Faraday. Because the wire loop in this

case is turning, unlike Fig. (4), you cannot find another reference frame like Fig. (5) in which

Faraday’s law can be applied cleanly. In any case, use Eq. (37) in our reference frame for a

generator.
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